A covering set of a graph G is a set T ⊆ V (G) such that each edge of G is incident to at least one vertex of T . The covering number of G, β(G), is the minimum order of a covering set. On the other hand, a 2-packing set of a graph G is a set R ⊆ E(G) such that if three edges are chosen in R then they are not incidents in a common vertex. The 2-packing number of G, ν 2 (G), is the maximum order of a 2-packing set. It can be proved that
Introduction
Throughout this paper G is a finite, undirected, simple and connected graph with vertex set V (G) and edge set E(G). For A ⊆ V (G), G[A] is denoted to the induced graph by A. The neighborhood of a vertex u ∈ V (G), denoted by N (u), is the set of vertices of V (G) adjacent to u in G. We use L u to denote the set of edges incident to u ∈ V (G). Hence, the degree of u, denoted by deg(u), equals |L u |. Denote by δ(G) and ∆(G) to be the minimum and maximum degree of the graph G, respectively. Let H be a subgraph of G. The restricted degree of a vertex u ∈ V (H), denoted by deg H (u), is defined as deg H (u) = |L u ∩ E(H)|.
A covering set of a graph G is a set T ⊆ V (G) such that every edge of G has at least one end in T . The covering number of G, denoted by β(G), is the minimum order of a covering set. An independent set of a graph G is a set I ⊆ V (G) such that any two vertices of I are not adjacent The independent number of G, denoted by α(G), is the maximum order of a independent set. Moreover, A 2-packing set of a graph G is a set R ⊆ E(G) such that if three edges are chosen in R then they are not incidents in a common vertex. The 2-packing number of G, denoted by ν 2 (G), is the maximum order of a 2-packing set. In [2] was proven that any simple graph G satisfies ν 2 (G)/2 ≤ β(G).
(
It is not difficult to prove that (see Theorem 2.1), for any simple graph G with |E(G)| > ν 2 (G) it satisfies
By Equations (1) and (2)
is obtained
The main result of this paper, a characterization of connected graphs that attains the upper and lower inequality of the Equation (3) is given.
There are interesting results related with the covering and 2-packing numbers in a more general context, see [1, 2] . Even, in [4] a characterization of connected graphs G which satisfies γ(G) = ν 2 (G) − 1 was given, where γ(G) is the domination number of G, that is the minimum order of a set D ⊆ V (G) such that every vertex of G is either in D or is adjacent to a vertex in D.
In section 2 presents some basic results. In Section 3 a characterization of all the connected graphs G which satisfies β(G) = ν 2 (G) − 1 is given. In Section 4 a characterization of all the connected graphs G which satisfies β(G) = ν 2 (G)/2 is given.
Results
In the remainder of this paper, for the terminology, notation and missing basic definitions related to graphs is referred from [3] . A connected graphs with |E(G)| > ν 2 (G) is considered due to the fact |E(G)| = ν 2 (G) if and only if ∆(G) ≤ 2. Moreover, ν 2 (G) ≥ 4 is assumed, since in [2] the following was proven:
If G satisfies the hypothesis of Proposition 2.1 then G is the complete bipartite graph K 1,n . And if G satisfies the hypothesis of Proposition 2.2 then G is one of the graphs shown in Figure 1 (see [2] ).
In the rest of this paper the following is considered: Remark 2.1. Let R be a maximum 2-packing of a graph G, then
Each component of G[R]
has at least 2 edges, since each component with only one edge contributes in one to the covering and 2-packing numbers. Figure 1 : Graphs with β = 2 and ν 2 = 3.
The proof of the following well-known result is omitted.
Proposition 2.3.
1. If R is a maximum 2-packing of a graph G, then the components of G[R] are either cycles or paths.
2. If G is either a cycle or a path of length even and T is a minimum covering set of G, then T is an independent set.
3. If G is cycle of length odd and T is a minimum covering set of G, then there exists an unique u ∈ T such that T \ {u} is an independent set. On the other hand, if G is a path of length odd then either there exists an unique u ∈ T such that T \ {u} is an independent set or T is an independent set with a vertex u ∈ T which satisfies deg(u) = 1.
4.
If G is either a path or a cycle of length k, then
Theorem 2.1. If G is a connected graph then Proof. Let R be a maximum 2-packing of G, and
, then the following set (R \ {e u }) ∪ {e v }, where e v ∈ R is incident to v, is a maximum 2-packing of G with a path as component, and by
, is a covering set of G, which implies that
To end ν 2 (G)/2 ≤ β(G) is obtained by by Equation (1).
3 Graphs with β = ν 2 − 1
To begin with, it is introduced some terminology in order to simplify the description of the connected graphs with β(G) = ν 2 (G) − 1. In [2] if G is a connected graph G with ν 2 (G) = 4 and |E(G)| > 4 then β(G) ≤ 3 was proven. Moreover, if G is a connected graph with ν 2 (G) = 4 and β(G) = 3 then G is a subgraph from the graphs of Figure 2 (see [2] ).
) be the simple connected graph which set of vertices is V (K m n ) = {x 1 , . . . , x n } ∪ {u 1 . . . , u m } and which set of edges is
n is a complete graph of n vertices together with a path of length m − 1.
Proof. Let R be a maximum 2-packing of G with V (G[R]) = V (G), and let R 1 , . . . , R k (k < ν 2 (G)) be the components of G[R] with k as small as possible. Then
is either a spanning path or a spanning cycle of the graph G.
which is a contradiction. Therefore, any different pair of vertices of G are adjacent. Hence G is a complete graph of size ν 2 (G).
On the other hand, if R = u 0 u 1 · · · u ν 2 is a path, then T = {u 1 , . . . , u ν 2 −1 } is a minimum covering set of G. Assume that either u 0 u j ∈ E(G)
which is a contradiction. Without loss of generality, suppose that u 0 u 2 ∈ E(G).
, which is a contradiction. Hence u 0 u j ∈ E(G) and u j u ν 2 ∈ E(G), for all u j ∈ T * , which implies that deg(u ν 2 ) = 1. Moreover, assume that any two vertices
which is a contradiction. Hence, the graph
Case (ii) Suppose that k ≥ 2. If there are at least two components as a paths, R 1 and R 2 , then
which is a contradiction. On the other hand, if R 1 is a path and R 2 , . . . , R k are cycles, then T \ {u}, 
is a 2-packing of size ν 2 (G) + 1, which is a contradiction. Hence, if u ∈ I then deg G (u) = 1. On the other hand, if |I| > 1, let u, v ∈ I. Without loss of generality suppose that u is incident to u 1 and v is incident to u j , for some j ∈ {2, . . . , ν 2 }. Since G[R] is a complete graph then
is a 2-packing of size ν 2 (G) + 1, which is a contradiction To end if u and v are adjacent to u 1 , then
is a 2-packing of size ν 2 (G)+1, which is contradiction. Hence, I = {u} with deg(u) = 1. Furthermore, V (G[R]) \ {w}, for w ∈ V (G[R]) \ {v} and uv ∈ E(G), is a minimum covering set of G of size ν 2 (G) − 1, and the graph G − u is a complete graph of size ν 2 (G). .2) is a 2-packing of size ν 2 (G)+ 1, which is a contradiction. The proof follow at the same way if ux ∈ E(G). Hence uw ∈ E(G), for some w ∈ V (C), which implies that there exists a 2-packing of G of size ν 2 (G) + 1 (see proof of Proposition 3.2). Furthermore, I = ∅ and the theorem holds by Proposition 3.2.
Graphs with
To begin with, some terminology and results are introduced in order to simplify the description of the simple connected graphs G which satisfy Proof. Let R be a maximum 2-packing of G and R 1 , · · · , R k be the components of G[R]. Let T be a minimum covering set of G. Then
Hence, if R 1 have a odd number of edges then
which is a contradiction. Therefore, each component of
have an even number of edges.
Lemma 4.2. Let G be a simple connected graph and R be a maximum 2-
, then there is an unique component of R of odd length.
Corollary 4.1. Let G be a simple connected graph and R 1 , . . . , R k be the components of a maximum 2-packing of G. If T is a minimum covering set of G and β(G) = ν 2 (G)/2 , then T ∩ R i is a minimum covering set of R i , for i = 1, . . . , k. Hence
Let A and B be two sets of vertices. The complete graph which set of vertices is A is denoted by K A . The graph which set of vertices is A ∪ B and which set of edges is {ab : a ∈ A, b ∈ B} is denoted by K A,B . On the other hand, let k ≥ 3 be a positive integer. The cycle of length k and the path of length k are denoted by C k and P k , respectively.
If A and B are two sets of vertices from V (C k ) and V (P k ) (not necessarily disjoints) and I be an independent set of vertices different from V (C k ) and V (P k ) then C k A,B,I = (V (C k  A,B,I ), E(C k A,B,I )) and P k A,B,I = (V (P k  A,B,I ), E(P k A,B,I )) are denoted to be the graphs with V (C k A,B,I ) = V (C k )∪ I and V (P k A,B,I ) = V (P k ) ∪ I, respectively, and ,I ), respectively. In an analogous way, we denote by C k I to be the graph with V (C k I ) = V (C k ) ∪ I and E(C k I ) = E(C k ) and we denote by P k I to be the graph with V (P k I ) = V (P k ) ∪ I and E(P k I ) = E(P k ). Then:
It is defined as C k A,B,I to be the family of connected graphs G such that C k I is a subgraph of G and G is a subgraph of C k A,B,I . Similarly, it is defined as P k A,B,I to be the family of connected graphs G such that P k I is a subgraph of G and G is a subgraph of P k A,B,I . That is
where G is a connected graph}
where G is a connected graph} Proposition 4.1. Let k ≥ 4 be an even integer, T be a minimum covering set of C k and I be an independent set of vertices different from
, then β(G) = k 2 and ν 2 (G) = k.
On the other hand, since C k is a 2-packing of G, then ν 2 (G) ≥ k. To prove that ν 2 (G) ≤ k suppose on the contrary, that is there are a maximum 2-packing R of G of cardinality k + 1 (odd). As either G[R] is a path or a cycle of odd length k+1, then by Proposition 2.3 it follow that β(R) = k+2 2 . Since any minimum covering set of G is a minimum covering set of R then β(G) = β(R) = k 2 , which is a contradiction. Therefore ν 2 (G) = k. Corollary 4.2. Let k ≥ 4 be an even integer, T be a minimum covering set of P k and I be an independent set of vertices different from V (P k ). If T = V (P k ) \ T and G ∈ P k T,T ,I
, then β(G) = to be the family of simple connected graphs G with ν 2 (G) = k such that C k I is a subgraph of G and G is a subgraph of C k A,B,I . Similarly, it is defined asP k A,B,I to be the family of simple connected graphs G with ν 2 (G) = k such that P k I is a subgraph of G and G is a subgraph of P k A,B,I . That iŝ
where G is connected and ν 2 (G) = k},
where G is connected and ν 2 (G) = k}.
Hence if k ≥ 4 is an even integer, T is a minimum covering set of either C k or P k , and I is an independent set different from either V (C k ) or V (P k ) then by Proposition 4.1 and Corollary 4.2 it follow that
. However if k ≥ 5 is an odd integer, T is a minimum covering set of either C k or P k and I is an independent set different from either
. To see this, let R be the cycle of length k and u, v ∈ T adjacent, then if G is such that V (G) = V (C k )∪{w}, where w ∈ I and E(G) = E(C k )∪{uw, vw}, then G ∈ C k T,T ,I
. However ν 2 (G) = k + 1 and β(G) = . Proposition 4.2. Let k ≥ 5 be an odd integer, T be a minimum covering set of C k and I be an independent set of vertices different from
, then β(G) = k+1 2 and ν 2 (G) = k. Corollary 4.3. Let k ≥ 5 be an odd integer, T be a minimum covering set of P k and I be an independent set of vertices different from
, then β(G) = Proof. Let R be a maximum 2-packing of G and R 1 , . . . , R k be the components of G[R]. R i is a cycle or a path of length ν 2 (R i ), which implies that β(R i ) = ν 2 (R i )/2 , for i = 1, . . . , k. If β(G) = ν 2 (G)/2 , then by Corollary 4.1 it follow that
On the other hand, if β(G) = 
If e ∈ E(G) \ E(G[R ∪ I])
, then e ∈ L u , with u ∈ T i , for some i ∈ {1, . . . , k}.
Proof. Let R 1 , . . . , R k be the components of a maximum 2-packing of G, with k as small as possible. Suppose that β(G) = k i=1 β(R i ).
Remark 4.1. If u ∈ I, then N (u) ⊆ V (R i ), for some i ∈ {1, . . . , k}, otherwise there exist u ∈ I, w i ∈ V (R i ) and w j ∈ V (R j ), for some i = j ∈
